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Some new oscillation criteria for the delay dikrcntial equations of the form 
(a(r).r’“-“)‘v’+~(r)f(x[x,(r)])h(x-’[~2(r)])=0 (‘=d/dt), where n is even and 
1 < Y Q n - I, are established. 1 IYX6 Acadcmlc Press. Inc 
1. IISTRODUCTI~N 
Consider the delay differential equation 
where n is even, l<vdn-1, a, g,, gz, q: [f,,cc)+R=(-x,cc), 
f, h: R + R are continuous, a(t) > 0, and q(f) nonnegative and not iden- 
tically zero on any ray of the form [f*, x7) for some f* > f,, and gi( t) + cc 
as f + ccj, for i= 1,2. We assume that 
I 
1 1 
iP= xv 
where p(f) = max a(s), for f >, 1,; (2) 10 5* s I 
xf (x) > 0, f’(x) >, 0, for x # 0, -f(-.~Y)~.f(xY)~K,f(x)fly), (3) 
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for x, .P > 0, where K, is a positive constant (’ = d/d.x); 
h(x)>O, for ?r#O, h’(x) 2 0, for 9 > 0, 
h( -xy) >h(xy) 2 K,h(x) h(y). (4) 
for X, J > 0, where K, is a positive constant. We further assume that there 
exists a continuous function 6: [t,, CC) -+ R such that 
inf jg,(s),g,(s)}<a(t)<t and ~-(t)-+x~, as t-+x. (5) .\ 2 I 
We consider only nontrivial solutions of Eq. (1 ). Such a solution is said 
to be oscillatory if its set of zeros is unbounded and nonoscillatory 
otherwise. Equation (1) is said to be oscillatory if all of its solutions are 
oscillatory. 
The oscillatory behaviour of Eq. (1) with 12 = 1 has been discussed by 
many authors. We mention here the works of Grace [ 11, Graef et trf. 
[3,4, 51, and Grammatikopoulos [6, 71. Noting of much significance is 
known about Eq. (1 ), however. 
We establish some new oscillation criteria for Eq. (I ), which are not 
extensions of the work cited above. Hence our results are new even for the 
case when h = 1. 
The following two lemmas are both due to Grammatikopoulos [7]. 
LEMMA 1. Let x be a positive (n - \f)-times continuously dzfferentiable 
function on the interval [to, ;x;), a be a positive continuous jiunction on 
[to, x ) that satisfies condition (2), and the function II’ = as”’ ” a \*-times 
continuously differentiable on [t,, ,x ). Moreover. let 
Ifw,,( I) = llJV’ (t) is qf constant sign and is not identical/~* zero .for all large t. 
then there exist a t, > t, and an integer I, 0 6 16 n, izith n + 1 even for N*,, 
nonnegative or n + I odd.for u’,, nonpositive, and such that .for ever)* t 2 t 1, 
I>Oimpliesw,(t)>O (k=O, l,...) I- I), 
and 
16n-1 implies(-l)‘+k~~~,(t)>O (k=l+l....,n-1). 
LEMMA 2. If the functions x, a, ,u, and 14’~ are as in Lemma 1 and 
~,(t)t~,,~,(t)=~~“‘(t)~l”~~“(t)~O, for every t 3 I,, 
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with w,(t) = w(“( t) not identically zero for all large t, then there exists T 2 to 
and positive constants, M, and Mz, such that for each t 3 T 
(i) I~,,-I(t)l >O. 
(ii) iflim,,, I$‘,,~,. (t)#O, then ~~lo(t)=x(t)~MIJ(T,~, t)lrr’,-,(t)l 
(iii) x’(t)>M,J’(T,p, t)lw,~,(t)I, 
where 
2. MAIN RESULTS 
THEOREM 1. Let conditions (2)-( 5) hold and 
f CM) h(u) 
>1’>0, .for u # 0. 
u (6) 
If; for every T luith gi(t) > T, i= 1, 2, t > T3 t,, 
‘I lim sup ! ds)f’(J’(T, p,s,b)))h(J’(T, p,gz(s)))ds I-cc do 
(7) 
where M, and Mz are as in Lemma 2, then Eq. (1) is oscillatory. 
ProoJ: Let x(l) be a nonoscillatory solution of Eq. (1) say s(t) > 0, for 
tat,. Then therelexists a t,at, so that .u[g,(r)]>O, for tat,. From 
Lemma 1, it follows that there exists a tz > t, such that 
x’(t) > 0 and )r’,,-,(t)>O, for t >, t2. (8) 
Notice next that the hypotheses of Lemma 2 are satisfied on [tz, KI) which 
implies that there exist t, B t, and positive constants M, and M, such that 
x(t) 3 M,J(tj, p, t) )t’,-,(t), for tat,, (9) 
and 
-y’(t) 2 M,J(t,, P, t) bt’,- 1 (t), for t> t,. (10) 
We select a t4 > t, so that g,(t) > t,, for every t > t4. i= 1, 2. Then 
-uCg, (t)l3 M,J(t,, P, g,(t)) ‘*‘n- 1 Cs,(t)lt for t 3 t,, (11) 
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and 
*v’Egz(t)> M2J’(r,, P? g*(t)) ‘*‘,-I Cgz(t)l, for t>, t,. (12) 
Let z(t)= w,zp,(t), then from (l), (3), (4), (8), (11). and (12), we get 
=‘it)+JWfM) Wf2)fVih, P, g,(t))) Wib t.4 gziN) 40) 
~.f(Q, (f)l) h(=[gz(t)l)6 0. i*, 
Using (5) and (6), we get 
-‘it) +lww(~,) hiM2)f(Jit3, P, g, it))) A 
x h(J’(f,, P> g2(f)))qit) =Cdt)l GO. (13) 
Condition (7) implies that all solutions of (13) are oscillatory (cf. Refs. 
[S, 1 11 ), a contradiction to (8). This completes the proof. 
In the following theorem we make use of Ladas’ result in [9]. 
THEOREM 2. Let conditions (Zb-(6) hold and let a(t) < t - T, T > 0. If; $or 
ever) large T and g,(t) > T, i= 1, 2, 
’ lim inf i q(s)f(J(T,~,gl(s)))h(J’(T.~.g~(s)))ds>O (141 , + % r -r:2 
and 
’ lim inf 
I-X s ,p7q(s)f(J(T,~,g,(s)))hWT.p,g,(s)))d.~ 
1 
‘eyK:GfiM,) NM,) 
(151 
where M, and Ml are as in Lemma 2, then eoerj* solution ?f Eq. (1) is 
oscillatorj~. 
Proof: Let ?I( t) be a nonoscillatory solution of Eq. ( 1). say s(t) > 0, for 
t b I,. As in the proof of Theorem 1, we obtain ( 13), which can be rewritten 
as 
(16) 
Now conditions (14) and (15) imply that (16) has no positive solution (cf. 
409 119 I-2-,? 
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Ref. [9]), a contradiction to (8). This completes the proof. In the following 
theorem we replace condition (6) with 
f(u)h(u) 
UoL 
>Y, >o, for u # 0, (17) 
where a is the ratio of two positive odd integers with 0 < CI < 1. 
THEOREM 3. Let conditions (2)-(5) and (17) hold andfor all large T with 
g,(t) > T, i = 1, 2, 
s cc &)f(J(T ~vg,(s)))h(J’(T, ~,gz(s)))ds= ax), (18) 
then Eq. ( 1) is oscillatory. 
Proof Let x(t) be a nonoscillatory solution of (l), say x(t) > 0, for 
t > t,. As in the proof of Theorem 1, we obtain (*) and thus we obtain 
Now, 
z’(t)+YI~K2f(M,)h(M,)q(t)f(J(t,, p,gi(t))) 
xh(J(t,, P. gz(t))) zaCtl 6 0. (19) 
where c is a constant. Thus 
$VGfUWW,) j’ ds)fV(t,, ~,s,b)))W(t~, fi,gz(s)))ds 1‘4 
z’-JL(t,) z’-“(t) <c+~--<q l-a 
a contradiction to (18). This completes the proof. 
For illustration we consider the following examples: 
EXAMPLE 1. The equation 
(tx’.‘). + - 9(2)2’3 t-2W12xU3[& x.‘/‘[J;] =o 
16 ? 
t > 0, (20) 
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has the nonoscillatory solution z = J t. All conditions of Theorem 1 are 
satisfied except (7), and also the hypotheses of Theorem 2 are satisfied 
except condition (14) and (15). 
EXAMPLE 2. Consider the equation 
3 
(t-x”)” + (1,2)2!5(16) t -37:l5,y1.3(f) ,y.2/5( t) = 0, t > 0. (21) 
HereJ(T,~,t)=O(t’)andJ’(T,~,t)=O(t), foralllarge T,+urdcc=11/15. 
Equation (21) has the nonoscillatory solution -u(r) = ,,,;r. Only con- 
dition (18) of Theorem 3 is violated, Next, consider the equation 
( tx” )” + 
(l/2)1s(16) ‘- 
37 15syll l5(t)=o, t > 0. 
We see that hypotheses of Theorem 3 are satisfied and hence Eq. (22) is 
oscillatory. Indeed, Eqs. (21) and (22) have the same q, a, 3 and hence the 
reason for the above conclusion is due to the effect of the damping term h. 
Now, 
(rx”)” + t 3’,‘5,y’,3( t) .y.q f) = 0, t > 0, (23) 
is oscillatory by Theorem 3 and also, 
(t,y”)“+ t-‘1~15~yllyt)=o~ 
t > 0, (24) 
is oscillatory by Theorem 3. Hence we conclude that if Eq. (1) is 
oscillatory, then 
(a(t) x”‘- v, (t))‘“‘+q(t).~-l[g,(f)] =o, (25) 
where r is as in (17), is also oscillatory. The converse is obviously not true. 
Remarks. (1) In (10) and (12) some qualitative properties of solutions 
of the equation (a(t) x’)’ + q(t)f(x) h(.u’) = 0 are obtained where 
a, q: [to, CC) -, (0, ;G ), J h: R -+ R are continuous, x~‘(x) > 0 for x # 0, and 
h(.u’) is positive for all x’. However, nothing is known regarding its 
oscillatory behaviour and thus our results for n = 2, v = 1 are new 
oscillation criteria and can be added to those in [lo] and [ 121. 
(2) The “size” of the damping term h has an important effect on the 
oscillatory behaviour of Eqs. ( 1) and (25), respectively. For illustration see 
Example 2. 
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(3) Theorem 3 can be extended to a more general case by replacing 
condition (17) by 
f (~1 h(u) 
F(u) 
271 >o, for u # 0, (17)’ 
where F: R + R is continuous, xF(x) >O, F(x) 20, for I ~0, and 
Sk0 &/F(u) < co. In this case Theorem 9 in [ 1 ] and our Theorem 3 for 
h = 1 are the same. 
REFERENCES 
1. S. R. GRACE, Oscillation theorems for nth order differential equations with deviating 
arguments, J. Mad Anal. Appl. 101 (1984) 268-296. 
2. S. R. GRACE AND B. S. LALLI, Oscillation theorems for nth order delay differential 
equations, J. Math. Anal. Appl. 91 (1983). 352-366. 
3. J. R. GRAEF, M. K. GRAMMATIKOPOULOS, AND P. W. SPIKES, Asymptotic and oscillatory 
behaviour of superlinear differential equations with deviating arguments, J. Math. Anal. 
Appl. 75 (1980), 134148. 
4. J. R. GRAEF, M. K. GRAMMATIKOPOULOS, AND P. W. SPIKES, On the behaviour of solutions 
of generalized Emden-Fowler equations with deviating arguments, Hiroshima Math. 
J. 12 (1982). l-10. 
5. J. R. GRAEF, M. K. GRAMMATIKOPOULOS, AND P. W. SPIKES, Oscillatory and asymptotic 
properties of solutions of generalized Thomas-Fermi equations with deviating arguments, 
J. Math. Anal. Appl. 84 ( 1981) 519-529. 
6. M. K. GRAMMATIKOPOULOS, “Oscillation and Asymptotic Results for Strongly Sublinear 
Retarded Differential Equations,” Tech. Report No. 95, April, 1977, University of Ioannina, 
Greece, 
7. M. K. GRAMMATIKOPOULOS, On the effect of deviating arguments on the behaviour of 
bounded solutions of nonlinear differential equations, Ukrain. Mar. Zh. 30 (1978), 462473. 
[in Russian] 
8. G. LADAS, V. LAKSHMIKANTHAM, AND J. S. PAPADEKIS, Oscillation of higher order retarded 
differential equations generated by the retarded arguments, in “Delay and Functional Dif- 
ferential Equations and Their Applications,” pp. 219-231, Academic Press, New York/Lon- 
don, 1972. 
9. G. LADAS, Sharp conditions for oscillation caused by delays, Applicable Anal. 9 (1979), 
93-98. 
